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Abstract. We prove analogues for odd primes of results of Snaith and Barker- 
Snaith. Let I denote the p-complete connective Adams summand and consider the 
group of left ^-module automorphisms of ^ A ^ in the stable homotopy category 
which induce the identity on mod p homology. We prove a group isomorphism be- 
tween this group and a certain group of infinite invertible upper triangular matrices 
with entries in the p-adic integers. We determine information about the matrix cor- 
responding to the automorphism 1 A 5'' of £ A ^, where '5' is the Adams operation 
and q is an integer which generates the p-adic units. 



1. Introduction 

We prove analogues for odd primes of results of Snaith and Barker-Snaith [[T5l l5l. 
Let i denote the Adams summand of the p-complete connective i^-theory spectrum 
and let Aut°gft.^.njojj(£ A t) be the group of left £- module automorphisms of £ A £ in 
the stable homotopy category which induce the identity on mod p homology. The 
first main result is Theorem 12.31 which gives a group isomorphism between this 
group and a certain group of infinite invertible upper triangular matrices with entries 
in the p-adic integers. The second main result is Theorem 14.71 which determines 
information about the matrix corresponding to the automorphism 1 A of £ A 
where is the Adams operation and q is an integer which generates the p-adic units 
Zp . An application is given to the important maps 1 A (/?„ where = (^'^ — 1) (\1''' — 
g) ... - andg = g^^^ 

While the general strategy of the proofs is the same as in the 2-primary case, there 
are differences in algebraic and combinatorial details. In places we obtain entirely 
new information. Notably, Theorem 15.41 gives a new closed formula, involving q- 
binomial coefficients, for each entry in the matrix corresponding to the map 1 A v?n- 

This article is organized as follows. Section 2 contains the proof of the upper tri- 
angular matrix result. Section 3 presents an explicit basis for the torsion-free part 
of TT* (£ A £) . This is used in Section 4 to obtain information about the matrix cor- 
responding to 1 A \E'''. Applications are discussed in Section 5 and there is a short 
appendix about the g-binomial theorem. 

This paper is based on work in the Ph.D. thesis of the first author [fTTll . produced 
under the supervision of the second author. 
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2. Upper triangular technology 

In this section we prove the odd primary analogue of a theorem of Snaith [fT5l 
Theorem 1 .2] ; see also [16, Theorem 3.1.2]. This provides an identification between 
a group of p-adic infinite upper triangular matrices and certain operations for the 
Adams summand of complex connective K-theory. 

Let ku be the p-adic connective complex i^-theory spectrum and let i be the p-adic 
Adams summand. 

Definition 2.1. Let Endieft.£.mod(^ A £) be the ring of left £- module endomorphisms 
of £ A £ of degree zero in the stable homotopy category and let Autieft-^-mod(^ A i) be 
the group of units of this ring. Denote by Aut^g^.^.^odl^ A i) the subgroup consisting 
of those homotopy equivalences which induce the identity map in mod p homology. 

Definition 2.2. Consider the group (under matrix multiplication) of invertible infinite 
upper triangular matrices with entries in the p-adic integers Zp. An element is a 
matrix X = (Xij) for i,jE No, where Xij E Zp, Xij = for i > j, and Xi^i E . 
Let t/oo^p be the subgroup with all diagonal entries lying in the subgroup 1 +pZp of 

z;. 

The main theorem of this section is as follows. 

Theorem 2.3. There is an isomorphism of groups 

A:f/ooZp^Aut°f,,.^„,(£A^). 

The method of proof is essentially that used by Snaith to prove the analogous 
result for p = 2, but there are differences of detail. A basic ingredient in the proof is 
the following splitting 

iAi^iA y IC{n). 

This goes back to work of Kane |TT| . (He claimed the result in the p-local setting. 
In [6] a gap in his argument was identified and fixed in the p-complete situation.) 
The spectra ]C{n) appearing in the splitting are suspensions of Brown- Gi tier spectra, 
realising a weight filtration of the homology of ^7^S''^(3)p. They are p-complete finite 
spectra. (We remark that in the 2-primary case studied by Snaith, the pieces of the 
splitting should also be suspensions of Brown-Gitler spectra, rather than the finite 
complexes Fin/ Fin-i-) 

The splitting means that it is enough to study left £-module maps of the form 
^■m,n '■ ^ A /C(m) — 7- i A ]C{n) for each m, n ^ 0. We use a suitable Adams 
spectral sequence to identify particular maps Lm,n '■ ^ A /C(m) — )■ i AlC{n) which are 
represented by generators of certain groups on the E2 page of the spectral sequence. 
These maps „ are used to define the required isomorphism. 

The work in this section is organised as follows. Firstly, we set up the required 
Adams spectral sequence. Next we establish the stable isomorphism class of the mod 
p cohomology of /C(n) in order to simplify the E2 term. We note that the spectral 
sequence collapses at the E2 term. We then pick generators of certain groups on 
the E2 page to give the maps Lm,n used in the definition of the map. The spectral 
sequence is then further analysed to show that this map is bijective. Finally we 
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show that the choice of the maps L^.n can be made in such a way that A is a group 
isomorphism. 

Since we consider left ^-module maps, a map V2m,n as above is determined by its 
restriction to A /C(m) — )■ i A IC{n). This is an element of the homotopy group 

[}C{m),i A }C{n)] = [S^, e A /C(n) A D(/C(m))]p. 

Here we are abusing notation slightly by writing D{]C(m)) to mean the p-completion 
of the Spanier- Whitehead dual of the finite spectrum Y, where /C(m) ~ Yp. 

We write Ap for the mod p Steenrod algebra and we let B = E[Qq, Qi] C Ap be 
the exterior subalgebra generated hy Qq = /3 and Qi, where Qq has degree 1 and Qi 
has degree 2p — 1. 

All homology and cohomology groups will be with coefficients in Z/p unless 
explicitly stated otherwise; we omit the coefficients from the notation. 
We use the Adams spectral sequence with E2 term 

(2.4) E'/ = Ext'J^{H*{i A /C(n) A D(/C(m))), Z/p) 

and which converges to 

E'J = [^°, i A /C(n) A D{JC{m))]t-s ®Zp = 7rt-s{e A JC{n) A D(/C(m))) ® Zp. 

The E'^ term simplifies in a standard way as follows. 

E'/ = Ext^* A /C(n) A D(/C(m))), Z/p) 

^ Ext^* ® H*{K{n)) ® H*{D{IC{m))), Z/p) 

^ Ext%((^p®B Z/p)®H\lC{n))®H*{D{lC{m))),Z/p) 

^ Ext^* (^p ®B {H\]C{n)) ® H*{D{IC{m)))), Z/p) 

^ Ext^*(i/*(/C(n)) ® H*{D{IC{m))), Z/p). 

The first two isomorphisms are by the Kiinneth theorem and the fact that H*{£) = 
Ap®B Z/p - see [[II Part III, Proposition 16.6], respectively. Next we use the iso- 
morphism of left ^p-modules 

{Ap (g)B z/p) ® M ^ Ap®B M 

where Ap acts diagonally on the left-hand side by the comultiplication and on the 
right-hand side by multiplication within Ap - see [HI Part III, Proof of Proposition 
16.1]. Finally we use a standard change of rings isomorphism. 

To simplify the E"^ term further, we use the theory of stable isomorphism classes; 
see Part III, Chapter 16]. Stable isomorphism of modules over B will be denoted 
by ~. The stable classes we need are expressible in terms of two basic 5-modules, 
the augmentation ideal I of B and the i?-module E with a single copy of Z/p in 
degree 1. We denote the a-fold tensor power of / by and similarly for S. 

We write Vp for the p-adic valuation function. 

Theorem 2.5. There are stable isomorphisms 

H*{IC{n)) ~ J^2n(p~l)-Up{n\) jup{n\) ^ 
H*{D{IC{n))) ~ J]Mnl)-2nip-l) j~up{n\) _ 
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Proof. From [fTTl Lemma 8:3, Lemma 8:4], we have the following calculations of 
the Qo and Qi homology of H*()C{n)), each of which is concentrated in a single 
degree. 

H{H*{]C{n)); Qq) = Z/p in dimension 2n(p — 1) and 
H{H*{lC{n)); Qi) = Z/p in dimension 2{p - l)(z/p(n!) + n). 

The first stable isomorphism then follows from [1 , Part III, Theorem 16.3]. 
The Universal Coefficient Theorem gives us the i?-module isomorphism 

i/*(/C(n)) = Hom*/p(i/_,(/C(n)),Z/p). 

For any invertible i?-module, its linear dual is its inverse stable isomorphism class, 
by Uj Part III, Lemma 16.3(i)], so it follows from the above that 

Then Spanier- Whitehead duality gives us the i?-module isomorphism 

iJ*(D(/CH))^if_,(/C(n)), 
which gives the second stable isomorphism. □ 
Corollary 2.6. In the spectral sequence (I2.4\l we have for s > 0, 

j^s,t ^ j^^^s+Up{n\)~Up(rn\),t-2{n-m){p-l)+Up{n\)-Up{m\) ^ Z/p) 

Proof. This follows from Theorem 12.51 and the standard dimension- shifting isomor- 
phisms of Ext groups 

Ext^*(/ (g) M, Z/p) = Ext^+^'*(M, Z/p) 
Ext^*(S ® M, Z/p) = Ext%^~\M, Z/p) 

for s > and M a _B-module. □ 

Lemma 2.8. The spectral sequence d2.4D collapses at the E2 term. 

Proof Recall that Ext^*(Z/j9, Z/p) = Z/p[c, d] where c G Ext^^ and d G Ext^^^^^ 
It follows from the above that, away from the line s = 0, all non-zero terms are in 
even total degrees, so there are no non-trivial differentials when s > 0. 

Showing there are no non-trivial differentials when s = can be done by the 
method of [1, Part III, Lemma 17.12]. Consider an element e G * where t is 
odd (if t is even, there can be no non-trivial differentials for degree reasons). We 
proceed by induction. Suppose that di = for i < r, so — Ep^. We have 
ce = as this lies in odd total degree, hence dr{ce) = 0. But cdr{e) = dr{ce) 
because this is a spectral sequence of modules over Ext^*(Z/p, Z/p), so cdr{e) = 0. 
Away from the s = line, the E2 = E^ page of the spectral sequence reduces to a 
polynomial algebra with c corresponding to one of the generators, so multiplication 
by c is a monomorphism on i?* * for s > 0. Thus dr{e) = which completes the 
induction. □ 
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Definition 2.9. For m ^ n, let im,n '■ ^ A /C(m) — )■ £ A /C(n) be a map which is 
represented in the spectral sequence by a choice of generator of 

jprn—n—i'p{n\)+i'p{m\),rn—n—i'p{n\)+i'p{rn\) 

Also let m be the identity on £ A /C(m). 
Proposition 2.10. There is a bijective map 

given by 

X^Yl ^n,mtm,n ^ A {\l lC{l)) ^ I A {\J lC{l)) . 

Proof. Firstly, we check that A does have the correct target. 

Note that a left f-module endomorphism of £ A £ which induces the identity on 
mod homology corresponds to a collection of maps (pm,n '■ ^ A /C(m) — )■ £ A /C(n), 
where i^rn,n induces the zero map for m ^ n and each </?m,m induces the identity. 
In the spectral sequence, elements represented in the s = line are detected in 
mod p homology. So, for m ^ n, w& are interested in elements of 7ro(£ A /C(n) A 
D{IC{m))) Zp represented in the spectral sequence in E^'"* = with s > 0. 

We have, £"2'' = E^^i^/P^ ^/p) for « > 0, where 

u = s + i'p{n\) — z/p(m!), 

V = s — 2{n — m){p — 1) + t'p(n!) — z/p(m!). 

So V — u = 2{m — n){p — 1). If n > m then u > v and these groups are all zero. 
This explains the range m ^ n in the definition of the map A. 

It is clear that Ylim>n -^n,mi'm,n defines a left-£-module endomorphism of i A £. 
It is easy to check that it is invertible because the coefficient Xjn,m of each identity 
map Lrn,m is a unit. For m ^ n, we have chosen „ represented away from the 
s = line, so this map induces the zero map on mod p homology. Evidently im,m 
induces the identity map, and since its coefficient lies in 1 + pZp the resulting map 
on i A i induces the identity on mod p homology. Hence A does take values in 
A i). 

To show that A is bijective, we consider non-trivial homotopy classes of left-£- 
module maps of the form 99^ „ : i A /C(m) — > i A IC{n), where m ^ n, such that 
(Prn,n induces the identity on mod p homology ifm — n and induces zero if m > n. 

We start with m > n. As we have seen, a map (pm.n as above is represented in the 
spectral sequence in E^'" = E"^ with s > 0. Any non-zero ^2'* = Ext^'''(Z/p, Z/p) 
group is isomorphic to Z/p generated by 

^s+n—m+Up{n\)—Up{m\)^m—n 

This group is non-zero precisely when s ^ {m — n) — Up{n\) + Up{m\). So the map 
cpjn,n is represented in 

rpj+m—n—i/p{n\)+i'p{m\),j+m—n—i'p{n\)+i'p{m\) 
00 

for some integer j ^ 0. 
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If 

j^m-n-Vp{n\)+Vp{m\),rn-n-Up(n\)+Up{rn\) _ '^^p^^^ 

then 

j^j+m.~n~Up{n\)+Up{ml),j+m-n-Up{nl)+Up{ml) _ l^lpS^fJrj.^ 

The ring structure of the spectral sequence yields that multiplication by c in the 
spectral sequence corresponds to multiplication by p on txq{1 A lC{n) A D{IC{m))) ® 
Zp, so we see that 

for some p-adic unit 7 and integer j ^ 0. 

If m = n, we need to consider the terms = for s ^ 0. Here we see 
that £^2'^ = -^^'^ = Z/p{c^} for s ^ 0. Again multiplication by c corresponds to 
multiplication by p on 7ro(£ A IC{n) A D{lC{n))) ® Zp. Thus 

for some p-adic unit 7 and integer j ^ 0. The map v^m.m induces the identity on mod 
p homology if and only if j = and 7 G 1 + pZp, corresponding to the condition 
that the diagonal entries of the matrix lie in 1 + pZp. 

This shows that, for each collection of maps „ corresponding to an element of 
the target Aut°gft-£-mod(^ ^ there is a unique choice of Xn,m E Zpfor m > n and 
Xm,m G 1 + pZp, such that the map is the image under A of the matrix X. □ 

We now fix choices of the maps „ in such a way that A is a group isomorphism. 

Proposition 2.11. We can choose the maps Lrn,n as follows. As before let Lm,m be the 

identity map on i A /C(m), let Lm+i,m be as already described, then let 

for all m > n + 1. Then 

^■k,n ifk^l = Tn^n, 
otherwise, 

and with these choices A is an isomorphism of groups. 

Proof. Let „ be any choice of generator as in Definition 12.91 To justify that these 
can be chosen as above, we need to consider the relationship between the product 

t-m,ni^k,m and Lk,n, ioT k > m > u. Let s(m, n) = m — n — Up{n\) + Up{m\), then im,n 
is represented by a generator of 

i^k,m is represented by a generator of 

and Lk^n is represented by a generator of 



it^kl 
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The product Lm,nt'k,m is represented by the product of the representatives under the 
pairing of Ext groups 

Ext'''(S"/\ Z/p) ® Ext^''^'(S'^7^', Z/p) Ext^+^'''^+^'(S"+"7^+''', Z/p) 

induced by the isomorphism S"/^(8)S"7''' = xi"+"7^+'''. We can identify this pairing 
using the following commutative diagram. 

Ext'''(I]'^/^ z/p) (g) Ext"'^*' , Z/p) ^ Ext"+"''"+"' (S'^+«7^+^' , Z/p) 



Ext'*+^^'*-'^(Z/p, Z/p) Ext'^'+'''^"'-''' {Z/p, Z/p) ^ Ext''+'^'+''+''''''+'''-"-'^'(Z/p, Z/p) 

The bottom pairing is the Yoneda splicing and it is an isomorphism when all the 
groups are non-zero as any non-zero Ext group here is a copy of Z/p. The vertical 
isomorphisms are the dimension- shifting isomorphisms. So the top pairing is an iso- 
morphism whenever the groups are non-zero and since s{k, m) + s(m, n) = s{k, n) 
this holds in our case. Hence up to a p-adic unit Uk,m,n we have 



,n^k,m ^k,m,n^k,ny 



and we can choose the maps Lm,n as stated above. 
Now A is a group isomorphism because 



A(X)A(F)= f5^X„,^.^,J (j2^iMk,i] = 

\ra^n / \ k^l J k^l=m^n 



i^Lk^m,n^kj 



k^l^n k^n 

= A{XY). □ 
Hence we have now proved Theorem 1231 

3. A BASIS OF THE TORSION-FREE PART OF 7r*(£ A £) 

In this section, we find a basis for the torsion-free part of the homotopy groups 
7r*(£ A i). To do this we follow methods introduced by Adams in We then 
study some of the properties of this basis including how it relates to Kane's splitting. 
We explore its behaviour with relation to the Adams spectral sequence in order to 
assess the effect of the maps (im,n)*- This will allow us to compare with the effect 
of (1 A ^'')* and hence, in the next section, to deduce information about the matrix 
corresponding to 1 A \E''^ under the isomorphism A. 

It would be interesting to compare the basis that we find here with elements of the 
torsion free part of 7r^,(£ A i) studied in [4, §9,10]. We hope to return to this in future 
work. 

3.1. A basis. We consider the torsion-free part of tt* {£ A £) by considering its image 
in ir^i A £) O Qp = Qp[u, v], where 7t^{£) = Zp[u\. 

We fix a choice of q primitive modulo p^, so that g is a topological generator of 
the p-adic units Z^ and we let q = q^^^. We also adopt the notation p = 2(p — 1). 
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The integrality conditions governing the image can be found as in fT\ Part III, 
Theorem 17.5] and are as follows. 

Proposition 3.1. For f{u, v) G Qp[u, v] to be in the image of-n^ (iAi) it is necessary 
and sufficient for f to satisfy the following two conditions. 

(1) f{kt,lt) G Zp[t]forallk, I G 1 + pZp. 

(2) f{u,v) is in the subring Ijp[^, |]. □ 

We begin with the following polynomials. They have been chosen by starting 
from the basis elements for Lq{1) given in [81 Proposition 4.2] and multiplying each 
by a suitable power of u and a suitable power of p to bring it into Zp[^, ^]. 

Definition 3.2. Define 

fe-i ^ 

nv — qu 
~^ ^' 

It is easy to check that the elements fk lie in Zp[^, j] for all k G Nq, using that 

^p{utiiQ'-9')) = '^piki) + k. 

Definition 3.3. Let 

F,^,^k = (^^^ fk. 

Now the method of Adams leads to the analogue of [1 , Part III, Proposition 17.6]. 

Theorem 3.4. (1) The intersection of the subring satisfying condition (1) ofPropo- 

sition \3.l] with Qp[u, v] is free on the Ijp[v]-basis {ck \ k ^ 0}. 
(2) A Zp-basis for n^{i A £) /Torsion is given by the polynomials Fij^k, where k ^ 0, 

^ j ^ Uplkl) with i = if j < Vp{k^.) and i ^ if j = i^pikl). 

Proof. Firstly, it follows from [|8] Proposition 4.2] that the elements Ck satisfy Propo- 
sition [3T| condition (1), but will not do so if divided by more p's. It follows that 

( ^ j fk satisfies this condition, but f ^ j fk does not. 

To prove part (1), note that the Ck are clearly linearly independent. Consider a 
polynomial /(m, t>) G Qp[M, satisfying condition (1) of Proposition |3T| and sup- 
pose that / is homogeneous of degree pn. We can write / as 

fiii, v) = Aom" + Aim"-1ci + A2m"-'c2 + ■ ■ ■ . 

Assume as an inductive hypothesis that Aq, Ai, . . . , As_i lie in Zp. Let the sum of the 
remaining terms be 

g{u, v) = A,u"~'c, + A,+i{i"~'~^c,+i + ■ ■ ■ . 

This sum must also satisfy condition (1) of Proposition 13. II Thus g{t, q'^t) = A^t" G 
Zp[t] and hence A^ G Zp. The initial case for Aq works in the same way and this 
completes the induction. Thus we can write / as a Zp['u] -linear combination of the 
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fc-i 

Uk := numerator of = ]^({) — q^u). 
In degree pk there are A; + 1 Qp -basis elements 



In order to produce the elements Fij^k we divided each of the above elements by the 
highest power of p which leaves it satisfying both conditions (1) and (2) of Proposi- 
tion l3.1[ For the element w^n^, this is rmn{p'^~^'^p^^-\ p'^'^^} . Now consider an element 
f{u,v) G Qp[u,v], homogeneous of degree pk, which satisfies conditions (1) and 



(2) of Proposition |3T| We can write / as 

f(u^v) = —U'' -\ U" ^raiH u" ^722 H 

•> y ^ ■> pai ^ pa2 

where Aj G Zp for i ^ 0. By part (1), ^ z/p (denominator of Cs) = s + z/p(s!). We 
also claim that ag ^ (k — s) + s = k. Let the inductive hypothesis for a downwards 
induction be that a^' ^ k for s' > s. Let the sum of the remaining terms be 

which must also satisfy conditions (1) and (2) of Proposition [3T1 The top coefficient 
^ is the coefficient of vJ^^^v^ so because g satisfies condition (2) of Proposition [3T| 
we must have that ag ^ {k — s) + s = k. The first step of the induction works in the 
same way and the induction is complete. Thus / is a Zp-linear combination of the 
elements CH 

3.2. Properties of the Basis. We now consider how the basis we have found above 
relates to Kane's splitting of £ A £. 



Definition 3.5. Let 



Then we have 



_7r„(£A/CH) 

^ m. . n. 



Torsion 



Torsion 

m,n 

Proposition 3.6. For each n ^ 0, 

Grn._n. ~ 



Zp ifm is a multiple of p and m ^ pn, 
otherwise. 



Proof. This follows directly from the description of ""'tot^iT'''' '^^ IfTTl Proposi- 
tion 9:2]. ~ □ 
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Definition 3.7. For m ^ I, define tlie element g^^ E ^] to be the element 

produced from /; lying in degree pm, i.e. 



9m,l 



Fo,m-i,i if m ^ z/p(/!) + /, 

if m > Up{l\) + I. 



Lemma 3.8. The elements {gm,i : ^ / ^ m} form a basis for G 



pm,*- 



Proof. The elements {gm,i : ^ / ^ m} are precisely all of the basis elements Fij^k 
which lie in homotopy degree pm. □ 

We will need to see that 7r*(£ A £) contains no torsion of order larger than p. To 
prove this we need information about the stable class of H*{£). 

Proposition 3.9. The stable isomorphism class ofH*{i) as a B-module is 

oo p—1 

(g) ^ Y,^(2p'+^-2p'-Kp{i)) p-Kp{i) ^ 

where nJi 



pyj — p-i • 

Proof. We calculate the Qq and Qi homologies of H_^{tj explicitly and deduce its 
stable class and then dualise this statement to find the stable class of H*(i). Recall 
that 

7r,(£ A HZ/p) = H,{i) = Z/p[^i,^2, . . .] ® E{t2, rg, . . .), 
where a bar over an element denotes the image of that element under the anti- 
automorphism X of the dual Steenrod algebra A*; see [[T2l . The action of Qo sends 

to zero and fj to — ^j. Using the Kiinneth Theorem, we see that the Qo homology 
of 7r_*(£ A HZ/p) is isomorphic to Z/p[^i]. The action of Qi sends to zero and 
fi to — ^f„i. Again using the Kiinneth Theorem, we see that the Qi homology of 
7r_,(£ A HZ/p) is isomorphic to Z/p[ei, 6, • • -l/lei , , • • •)• 

Recall from [HI Part III, Proposition 16.4] that there are so-called lightning flash 
modules Mi characterised as follows. For i ^ 1, Mj is a finite-dimensional submod- 
ule of 7r_*(£ A HZ/p) such that 

(1) H{Mi; Qo) = Z/p generated by and 

(2) H{Mi; Qi) ^ Z/p generated by 1^. 

It follows that there is a stable isomorphism 

^ ^-2p^+2p^-l+7rp(j-l)j-7r(i-l) 

We claim that the map 

oo p—1 

(g)0M^'^7r_,(£A/7Z/p) 

i=l j=0 

is a stable isomorphism. Indeed it is clear that it is a _B-module map and, again using 
the Kiinneth Theorem, we see that it induces an isomorphism on both Qq and Qi 
homology, so it is a stable isomorphism by [[1] Part III, Lemma 16.7]. 
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Dualising, we get a stable isomorphism 

H*{ti ^ (1 + Ml + Mf + ■■■ + M*P"^)(1 + M* + Mf + ■■■ + M;p'^) . . . , 
and combining this with 

j^* ~ ^2p'-2p'-l-7rp(i-l) J7r(i-1) 

gives the result. □ 

Proposition 3.10. Let Gm,n = 7i"m(^ A lC{n)), then Gm,n = Gm,n ® Wm,n where 
Wm,n is a finite elementary abelian p- group, i.e. Gm,n contains no torsion of order 
larger than p. 

Proof. This is proved for the case p = 2 in [[U Part III, Chapter 17]; the odd primary 
analogue is similar. We require two conditions in order to apply the two results of 
Adams necessary to prove this. Firstly that Hr{i A i; Z) is finitely generated for each 
r which is true (see [1 , p. 353]) and secondly that, as a i?-module, H*(i A i) is stably 
isomorphic to Q)^T."-^^'P^ 1^^^'^^ where b{i,p) ^ and a{i,p) + b(i,p) = mod 2. 
For the second condition, using the Kiinneth formula and Proposition 13. 91 

H*{i Ai) = H*{i) ® H*{£) ^ I j:i(^p'^'-^p'-Mi))pMi) 

\i=0 j=0 

Then it is clear that the required condition holds for each summand and hence for 
H*{iAi). 

Given these assumptions we can now apply m Part III, Lemma 17.1] which states 
that H^{kuA i; Z) and hence if* {i A i; Z) has no torsion of order higher than p. Then 
from [HI Part III, Proposition 17.2(i)], the Hurewicz homomorphism 

h : n^lku A I) ^ H^{ku A i; Z) 

is a monomorphism. Since this is true of ku A i it follows that the same is true of 
i A i and so the result follows. □ 

Definition 3.11. Consider the projection map 

£A£~ y iA}C{n) ^£A/C(n) 

and let P„ : G* * G* „ be the induced projection map on homotopy modulo 
torsion. 

Lemma 3.12. Pn{gn,i) = Oifl < n. 

Proof. Since Gm,n is torsion free we can consider just whether Pn{gn,i) is zero in 
® Qp. Let / < n, then for a{n, I) e No, 

I = —-fi G — L ® Q c — - ® Qp. 
pO'{.n,t) Torsion Torsion 

Since f„ is a left ^-module map, Pn{gn,i) is m"^' times an element of Gpi^n- But this 
group is zero, bv Proposition 13.61 □ 
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3.3. The Elements z.^. Now we choose labels for generators of certain homotopy 
groups and compare with our basis elements. 

Definition 3.13. Let Zn be a generator for Gpn,n — and let 5„ be any element in 
Gpn,n = Gpn,n © Wpn,n whcrc the first co-ordinate is Zn- 

Proposition 3.14. In the Adams spectral sequence 



E'/ ^ Ext'X^{H*{i A /C(n)), Z/p) =^ 7rt_,(£ A /C(n)) ® Z, 



p 



the class of Zn is represented in either £2'^^ or E^''^'^^'^. 
Proof. Consider the Adams spectral sequence 

Ef = ExtX{H*{iAlC{n)),Z/p) 

^ExtX{H*ii) H*ilC{n)),Z/p) 

= Ext%\H*{IC{n)), Z/p) Tit-sii A IC{n)) 



By Theorem 12. 5 [ for s > 0, 

We see that, away from s = 0, the E2 term is isomorphic to a shifted version of 
Ext*/ {Z/p, Z/p) = Z/p[c,d] with c G Ext^^ and d e Ext^^^"\ The spectral se- 
quence collapses at E2, just as for (|2.4I ). The spectral sequence gives us information 
about a filtration of Gpn,n = '^pn{^ A /C(n)) ® Zp. The multiplicative structure of 
the spectral sequence is such that pF^ = for i ^ 1 and F^ = Zp. By Propo- 

sition [OOl Wpn,n is an elementary abelian p-group, so pWpn,n = and Wpn,n must 
be represented in i^^'^*^. 

Assume that the generator z„ is represented in E^''"'^'' for j ^ 2, then we must 
have that 5„ G FK Then there is some generator z'^ G such that pPz'^ is a 
generator for Therefore, for some 7 G Zp, 

Thus 

- 5„) = 

and hence we must have p^~^'~)z'j^ — 5„ G VFpn,n because nothing else has any torsion. 
This implies that in Gpn^n, has a factor p which contradicts the fact that we chose 
Zn to be a generator of Gp„,„ = Zp. □ 

We can now give a more explicit description of the generators z„ in terms of our 
basis elements gm,i- We first state a lemma we will need; this is readily proved from 
the definitions. 

Lemma 3.15. For ^ i ^ m — 1, 

i/p(i!) 



□ 
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Definition 3.16. For m, i ^ 0, define /3(m, i) G Nq by 
(3{m,i) = 

Proposition 3.17. The generators Zm G Gpm,* have the following form 

m 

where Xg^t ^1>pif s ^t, As,s G . 



z/p(m!) if m > z/p(i!) + z, 

z/p(m!) + m — t'p(z!) — z if m ^ t'p(^!) + ^• 



Proof. By Lemma [X8l {(^m,/ : ^ / ^ m} forms a basis for Gpm,*, so we can 
express Zm in terms of this basis, 

(3.18) ZfYi X.m,m9m,'m ~l~ -^m,™— lfi'm,m— 1 ~l~ ' ' ' ~l~ ■^m,05'm,0; 

where Am_m, A^^^ G Zp. The projection map Pm : Gp^^* — > Gp.rn,m acts as the 
identity on and as zero on all gm,i where m 7^ / by Lemma 13.121 Hence 

Thus the coefficient Xm,m is a unit, since otherwise Zm would have a factor of p, 
contradicting its choice as a generator of Gpm,m — Zp. 

We can now multiply by the largest power of ^ possible to leave the result still 
lying in G*^rn and we get 

Pj \\Pj 

which lies in G'p(i/p(m!)+m),m- By multiplying equation (13.181) by f ^ j we now 
have the following relation in Gp(t,p(m!)+m),m ® Qp 

(3.19) ~ Zm = \ — ] Xm.mfm + / Xm.i — 9m,i- 
\Pj \PJ \Pj 

Since the left hand side of this equation lies in Gpi^y^(^rn\)+m.),m, we can calculate 
how many factors of p each A^ ^ must have to ensure that, once the right hand side is 
expressed in terms of the basis in Theorem l3.41 all the coefficients are p-adic integers. 

Using Lemma [3. 151 we can see that if m ^ yp{i\) + i we have 



n . - - YP^m\)-Up(i\)+m-i / _^ \ r 



p J - ' pi/p{m\)+m—Up(i\)-~i \p 

and so in equation (13.191) the coefficient \m,i must be divisible by pMi^-)+"^''^pi'^-)-\ 
Similarly, when m > z/p(i!) + i we have 

^ \ _ _j_ ^up(m\)-,ypii\)+m-i ( ^ \ r 

p J pVpK'^-) yp J 

and so in equation (13.191 ). A^.i must be divisible by p^p^^-^ □ 
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Proposition 3.20. In Proposition \3.14\ is actually represented in £2''^. 

Proof. We will assume that Zn is represented in E^'^^'^ in the spectral sequence and 
obtain a contradiction. The spectral sequence in question collapses and, away from 
s = 0, the E2 page is 

This is a shifted version of Ext^*(Z/p, Z/p) = 7Llp\c, c?], so on the line s = 1 the 

non-zero groups are eY^'^K eY''"'^'-'^^^ , ■ • E^^''^'''^'''^^'^^' and each of these 
is a single copy of Z/p. Using the multiplicative structure of the spectral sequence, 
if there is a class w G and the group is non-zero then 

there exists a class w' G such that pw' = uw. In other words if w 

is represented by c^cP in the spectral sequence where x ^ 1, y ^ then w' is 
represented by c'^-^dy+K Applying this to 5„ G eY'^'^\ since 
non-zero, there must exist a class w G such that 

This implies that u^^'^p^"'-^ Zn is divisible by p^+'^pi'^-) m G*,*. However this contradicts 
the proof of Proposition 13 .171 hence Zn must be represented in E^"'- □ 

Lemma 3.21. In the spectral sequence 

Ef = Ext%\H*{IC{n)), Z/p) =^ 7it-s{i A IC{n)) O Zp, 



up to multiplication by a unit, y^j (pZn) is represented by c'^p("')+i for ^ i ^ 
I j {zn) is represented by d'^p'^"'-^'^^ for j ^ 1. 

Proof. From Proposition 13 . 201 we know that in the spectral sequence 

E'/ = Ext^*(iJ*(/C(n); Z/p), Z/p) =^ 7rt_,(£ A /C(n)) ® Zp 

Zn is represented in E^^ ■ By the multiplicative structure of the spectral sequence 
this means that pZn is represented in E^^^^. We have 

^i,pn+i ^ Extj;'^^("'^''+'^^^"')(Z/p,Z/p) = Z/p(ci+'^-("')). 



We know from [|T1 Part III, Lemma 17.11] that in the spectral sequence, multiplica- 
tion by c and d correspond to multiplication by p and u respectively on homotopy 
groups. We list below some homotopy elements of n^^i A /C(n)) with a choice of 
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Homotopy element 


Representative 


PZn 


^l+fp(n!) 


(^) iP~^n) 
« (f ) (5n) 
(f ) (5n) 


^!^p(n.!)+l 



From this table it is clear to see that the descriptions given in the statement are 



correct. 



□ 



Recall from Definition [22] the maps 

Lm,n ■■ i A /C(m) ^iA K,{n) 
which were maps represented in the spectral sequence 

E'/ ^ Ext^*(i/*(D(/C(m))) ® H*{lC{n)), Z/p) 

=^ Tit-s{D{K,{m)) A /C(n) A £) ® Zp 

by a choice of generator of 

Proposition 3.22. For m > n, the map induced in the {pm)th homotopy group 
satisfies the condition 



Up{m\)-Up{n\) £^m-n ^ 



for some p-adic unit firn,n- 



Proof. By definition, Zm is any element in Gpm,m © Wpm,m whose first co-ordinate 
is Zm- Also Wpm,m has torsion of order p at the highest by Proposition 13. 101 We will 
prove the analogous result for the element pz^ = pz^', then by linearity the required 
result will be true for Zm- 

By Lemma [3.21[ in the spectral sequence 

^2'* = Ext^*(ff*(/C(m)), Z/p) =^ 'Kt-sii A /C(m)) ® 



pzm is represented in E. 



l,pr?i+l 
2 



Ext 



1+Up(m\),l+Vp(m,\) 



B 



Z/p, Z/p), up to a unit, by 
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Recall that in the spectral sequence 

= Ext%\H*{D{IC{m)y, Z/p) ® i/*(/C(n); Z/p), Z/p) 

=^ nt-siD{}C{m)) A /C(n) A £) ® Zp, 

the maps Lm,n '■ ^ A /C(m) — )■ £ A /C(n) are represented in 

^rn-n-Up{n\)+Up{m\),rn-n-Up{n\)+Up(rn\) ^ ^^^m-n,{m-n){p+l) ^ ^ Z/p) 

Using the pairing of Ext groups described in the proof of Proposition l2.1 1[ 

Ext^'*(S'^/^ z/p) ® Ext'''*'(S"7''', Z/p) Ext^+^''*+*'(S"+'^7''+^', Z/p) 

we get an induced pairing on the E2 pages of the respective Adams spectral se- 
quences. Since in all cases the spectral sequences collapse this passes to the Eoo 
pages. The pairing also respects filtrations, so the Ext group pairing passes to a 
pairing of spectral sequences, giving us a map 

Ex.t%\H*{D{JC{m)))®H*{JC{n)),Z/p)(^Ex.t'^'*'{H*{}C{m)),Z/p) 

^ Ext^+'''*+*'(F*(/C(n)),Z/p). 

This shows that {i.m,n)*{pzm) is represented in the spectral sequence 

E'/ = Ext%\H*{IC{n)), Z/p) =^ 7rt_,(£ A /C(n)) ® Zp 

by a generator of 

j-,l+m,—n~i'p{n\)+Up{m,\),pm,+l+m,—n—Up(n\)+i'p{m,\) 

= ji]^^^+"^~'^~'^p^'^-^+'^p^'^-^'P'^+^+"^~'^''^p^^^^^ Z/p) 

= Ji]j^f^^+"^^'^+'^P^"^''>'P"^+'^+"^~"-+'^p("^''l^P'^ (^'l^^ p Z/p) 
^ ^^t]^''^-^+Mrnl)^+(P+mrn^n)+Upin^l)^^^^^ ^^^^ 

Thus {i.m,n)*{pzm) IS, up to a Unit, represented by c^+M^-) d'^-n and all that remains 
is to express this element in terms of pZn- 

Using Lemma [3.21l we can see that we have two cases for {t-m,n)*{pzm), either the 
power of d in its representative is at least Up^nl) + 1 (and hence the power of c in its 
representative is zero) or not. 

In the first case we have m — n ^ i^pinl) + 1. Then by Lemma [3.211 rf™""^ 
represents 

This implies that up to a p-adic unit, {tm,n)*ipZm) is equal to 

pl+upim\)p-up(nl)^m-n~^ ^ pMrn\)-Up{n\) ^m-n 



^m-n-t'p(n!) _ p-Up(n\) ^m-n 
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In the second case we have m — n < z/p(n!) + 1. Hence by Lemma [3.211 the 
representative is and this represents the homotopy element 

^ \ m—n 
U 



{pZn)- 

This gives us that up to a p-adic unit, (tm,n)*(p5m) is equal to 



m—n 

U 



4. The matrix ^W 

In this section we study the matrix corresponding to the map \ N'^'^ : t Ni ^ i Nt 
under the isomorphism A of Theorem 12.31 Firstly information on the form of this 
matrix is obtained by comparing the effect of the maps (tm,n)* on the basis elements 
with the effect of the induced map (1 A Then it is shown that, by altering A 
by a conjugation, the matrix can be given a particularly nice and simple form. 

A remark about our notation is in order. We are following [8 1 in denoting by ^'^ the 
£ Adams operation which acts on 7r2(p_i)fc(£) as multiplication by = g^. Some 

authors write for this operation. Our choice in [jS] was motivated by wanting to 
compare directly the ku operations with the t ones. But of course the / operation 
only depends on q. 

4. 1 . The effect of 1 A ^« on the basis. 
Lemma 4.1. For m ^ 1, 

(1 A ^''UU) = rfm+p'''^"'^ufm-l. 

Proof. Using that the map (1 A fixes u, multiplies ii hy q and is additive and 
multiplicative, a straightforward calculation gives 

Then 



m—l 



Proposition 4.2. The action o/(l A \[^'')* on the basis elements is as follows. 



(1 A^«)*(^„,„) = 
And for m > n, 

Q 9m,n ~l~ 9m,n—l 



Q 9m,m 


_|_ ^Up{m)+1 

~ y ym,,m- 


.1 ifm > p, 


Q 9m,m 


~l~ P9m,rn—1 


ifm = p, 


Q 9m,m 


~l~ 9m,m—l 


ifl ^ m ^ p — 1 


9o,o 




ifm = 0. 




ifm > fp(n!^ 


+ n, 


-m 

ym,n— 


1 ifMi^ - 1)! 


) + n — 1 < m ^ fp(n! 


lm,n—l 


ifm ^ fp((n 


- 1)!) + n- 1. 
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Proof. This is a matter of straightforward case-by-case calculation, using Defini- 

□ 



tion l3.7l and Lemma 1470 

4.2. The Coefficients of the Matrix. Let A G t/oo^p be the matrix such that A(A) = 
1 A \1'^. The main result to be proved in this section provides some restrictions on the 
form of the matrix A, by comparing actions on the basis elements from Proposi- 
tion [33ll 

The following lemma is needed in the proof. It follows easily from the definitions. 



Lemma 4.3. 



P"" ""gm,! ifn z/p(z!) + i, 

gm,i ifup{i\)+i<n^m. 



□ 



Proposition 4.4. The matrix A corresponding to the map 1A\&'^:£A£— )-£A 
under the isomorphism A has the form 



A 



I \ 2 0-0,3 4 

q Vi ai^3 ai^4 

q'^ V2 02,4 

g3 

V ; ; ; ; ; 



where Vi G for alii ^ and aij G l^pfor all i,j ^ 0. 
Proof. By definition of A, 

(1 A \E' )*(2^m) ^ ^ ^n,m(^^m,n) *(^^m) ■ 



Using Propositions 13. 17l and 13. 22[ this becomes 

m m 

A ^%{gm,) = Am,mY,P^^"'^'^\n.,igm,i 

yp{m\)-Uj,{n\)+P{n,i)fm-n\ , 



i=0 

(4.5) 



i=0 



n<m i=0 



where A„,i G Zp, A^,„ G and ij,m,n e Z^. 

We will determine information about the A„ ^s by equating coefficients in equa- 
tion (14.51) and using Propo sition 14 . 2 1 and Lemma 1431 Firstly if m = 0, then 

•^0,0 = -^0,0(1 A ^'')*(5'o,o) = ^o,0'^o,o5'o,o = ^0,0-^0,0; 

so Aofi = 1. 

We will now split the rest of the proof into three cases. 

Case (i): 1 ^ m ^ p — 1. Equating coefficients of gm,m gives q"^Xm,m = 



q' 
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Next, equating coefficients of gm,ni-i, and using ugm-i,m-i = 9ni,m-i and /3(m, m) 
/3(m, m — 1) = 0, gives 

zm—l "mi 



So 



■^mjm ~l~ ^171,171— iQ Q •^m,m— 1 ~l~ ^m— Ijm/^rrijm— l-^m— l,m— 1 • 



Case (ii): m = p. Equating coefficients of gm,m gives q^Xm,m = Am,mXm,m, so 
we have Am,m = as before. Then, equating coefficients of gm,m-i gives 

where this time we have used ugm-i,m-i = gm,m-i, l3{m^ m — 1) = i'p{p\) = 1 and 
(3{m, m) = 0. So 

^m-l,m = f^m,m-l^in-l,in-liiQ ~ Q )Xm,m-l + Xm,m) ^ • 



Case (iii): m > p. We find that Am,m = ^™ as before. Then, equating coefficients 
of gm,7n-i we find 

y ^>m,m— 1 -'^in—l,inh''m,in—iy '>m— l,m— 1; 

where we have used gm,m-i = ^gm-i,m-i, and 

P{m, m — 1) = Uplml) + m — Vp{{m — 1)!) — (m — 1) = Vp{m) + 1. 



So 



4.3. Conjugation. We now complete the proof of the odd primary analogue of [l5] 
Theorem 4.2], by conjugating to obtain a particularly nice form for the matrix. The 
argument we give for this follows an idea suggested by Francis Clarke, see [lT6l 
Theorem 5.4.3]. 

Firstly, let E be the invertible diagonal matrix with 



1 if« = j = 0, 

VQVi...Vi.i, ifi = j>0, 



0, 



otherwise. 



Then 



EAE-^ = C 



( 1 


1 


Co,2 


Co,3 


Co,4 ■ 


■ \ 







1 


Cl,3 


Cl,4 ■ 












1 


C2,4 ■ 













^3 


1 ■ 




V '■■ 













for some G Zp. 
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Theorem 4.6. There exists an invertible upper triangular matrix U such that UCU ^ 
R, where 



R 



/ 1 1 

g 1 

g2 1 

g3 1 



V 



/ 



One such is given by U = (t^ij)ij>o £ ^oo^p where the first row is chosen to be 

^ _ r 1 ifj = o, 

1^ otherwise, 
and the next row is defined recursively fi-om the previous one by 




Proof. Let U be the matrix defined recursively above. First we check that U is upper 
triangular and invertible. It is clear that Uij G Zp for i,j ^ 0. It can be shown that 
Uij — Oifi > j hy induction on i It is true from the formula that Uifl = 0. Now 
assume that Ui-ij — for all j < i — 1. Then, for i > j. 



1, 



If j < i — 1, then both f/j-ij-i and Ui^ij are zero by assumption. And if j = 
then is zero and q'^^ — g*"^ = 0, so the induction is complete. 

Now we show that Ui^i € for all i ^ 0, so that U is invertible. Again we 
proceed by induction. Clearly C/o,o — ^ ^ '^p- Now assume that C/j^j e . We have 



Ui 



i+1 



and since — = — 1) = mod p, it follows that f/j+i.i+i G Z^ . 

To show that UCU~^ = R, we compare entries {UC)ij and {RU)ij. Diagonally 
{UC)i^i = q^Ui^i = {RU)i^i. Now let j > i; the entries of UC and RU are given by 



J- 



Then the recurrence relation for the entries Uij tells us that {U C)ij — {RU)ij. 
Hence (C/C)^ j = iRU)ij for all i, j ^ and j ^ i ' ' □ 

So we now have the following result. 
Theorem 4.7. There is an isomorphism of groups 

''left-i-mod 
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under which the automorphism 1 A corresponds to the matrix 



R 



( 1 


1 








■ 


■■ \ 







1 





■ 












1 


■ 













(f 


1 ■ 




V : 













The isomorphism is given by A'(X) 
are the matrices above. 



A{B'^XB), where B = UE and E and U 



Proof. Since B is an invertible upper triangular matrix, X t-^ B ^XB is a group 
isomorphism U^T^p — )■ f/oo^p and the result follows. □ 

Remark. It would be interesting to find an explicit basis for which the matrix of 
1 A \E'^ is precisely R. We hope to return to this in future work. 

5. Applications 

In this section we present two applications. Firstly, we obtain precise information 
about the important map 

1 A = 1 A (^"^ - - g) . . . (^^ - g"-^) : £ A £ -> £ A 1 

We give closed formulas involving g-binomial coefficients for all the entries in the 
corresponding matrix. Secondly, we give a new description of the ring of degree 
zero stable operations for the (p-local) Adams summand in terms of matrices. 



5.1. The Map l^ipn and the Matrix X„ 

of the map 



We apply the preceding result to study 



1 A (^"^ - 1)(^^ - g) . . . (^^ - g"-^) : £ A £ ^ £ A £. 



The analogous map was first studied by Milgram in [fT3l| in relation to real connective 
i^T-theory ko localised at the prime 2. We follow the method used in |[5l Theorem 
5.4], but we are able to produce new closed formulas for every entry in the matrix 
corresponding to the above map, in terms of g-binomial coefficients (also known as 
Gaussian polynomials). A short discussion of the relevant information about these 
can be found in the appendix. 

We will write Uoo'^p for the ring of upper triangular matrices with entries in the 
p-adic integers. The group f/oo^p is a subgroup of the multiplicative group of units in 
this ring. Generalising the group isomorphism A' of Theorem 14.71 we can construct 
the following diagram 



X' 



End 



Mt-e -mod 
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where Aj^^^ = A'. Recall that the map A' sends a matrix A G UocT^p to A'(A) 
K{B^^AB) = Y.m^n{B'^ ^B)n,mim,n- We extend this by letting 



\{A') = Y,{B-'A'B] 



to obtain a left-£-module endomorphism of i AL This is a multiplicative map by the 
same argument given for A in the proof of Proposition 12.1 fl 

By moving from U^o'^p to Uoo'^p it is now possible to use the additive structure 
given by matrix addition and it is easy to check that A' respects addition. 



Definition 5.1. Let 

VJ. = (vl/^-l)(vl/''-g)---(vI/'?-g'^ 

and let Rn = R — q^~^I G f/oo^p and = R1R2 ■ ■ ■ Rn ^ U^o'^p. Here / denotes 
the infinite identity matrix. 



By Theorem I4.7[ the map 1 A \E''' corresponds to the matrix R. It follows that 
1 Aifn corresponds to the matrix X„. 

A basic tool we will use is splitting up the matrix R in order to easily calculate its 
powers. 



Definition 5.2. Define matrices D and S in Uoo'^p by 



D 



/ 1 

g 

g2 

g3 

V ; ; ; ; ; 



s 



/ 1 
00100 
00010 
00001 



Then R = D + S. Since powers of D and S are easy to calculate, and we have 
SD = qDS, we are in a situation where we can apply the g-binomial theorem to 
calculate i?" = {D + S)"". See the appendix for a short discussion of the g-binomial 
coefficients T"! . 

LmJ a 



Lemma 5.3. 

Proof. We note that D'^S^ is given by 



n 

n — c 

{s-l)i 



{s~l)in-c) 



if t = s + j, 
otherwise. 



Applying the g-binomial theorem (16.11 ). we have 



{{D + sr) 



s,s+c 



E 

i=0 



,s+c- 



For any particular value of c at most one term in this sum is non-zero, namely the 
i = n — c term if ^ c ^ n. The result follows. □ 
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Let denote the homotopy equivalence giving Kane's splitting, 

O : \J £A}C{n) ^£A£. 



n>0 



Theorem 5.4. (1) The first n columns of the matrix are trivial. 
(2) Let Cn be the mapping cone of the restriction ofQ, to the first n pieces of the 
splitting ofiAi, i.e. 

Cn = Cone \/ £ A /C(m) ^ £ A iV 

Then in the p-complete stable homotopy category there exists a commutative dia- 
gram of left £-module spectra of the form 

i^i 1!^ ^iA£ 





Cn 



where iTn is the cofibre offl\ and (pn is determined up to homotopy by the diagram. 
(3) For n ^ 1, we have (-'^n)s,s+c — ifc < or c> n and for ^ c ^ n. 



m-c) 


n 




i 




i 


q 


i — c 



Proof. (1) The result is certainly true of Xi = Ri. We prove the result for 
all n ^ 1 by induction. Assume that the first n columns of X^ are trivial, i.e. 
{Xn)i,j = if j ^ n. By definition X^+i = X^Rn+i- We also have {Rn+i)i,j = 
unless = (s, s) or (s, s + 1) and {Rn+i)n+i,n+i = 0. Now 

{Xn+l)i,j — {Xn)i,j-l{Rn+l)j-l,j + {Xn)i,j{Rn+l)j,j- 

This is zero if j ^ n because {X^jij = and it is zero if j — n + 1 

because {Xn)i,m {Rn+l)n+l,n+l — 0. 

(2) We know that 1 A(pn — A'(X„). In order for 1 A to factor via C„ (and for 
the diagram to commute) we need to show that X„ corresponds under A' to a left 
£- module endomorphism of Vm^o^ A /C(m) which is trivial on each piece £ A IC{m) 
where m ^ n—1. The map A' acts trivially on pieces £A/C(m) where m ^ n—1 
if each map Lm,k '■ ^ A /C(m) £ A K,{k) has coefficient zero when m ^ n — 1 in the 
explicit description of A'(X„ ). This corresponds to the condition {Xn)k,m — when 
m ^ n — 1, which is true by part (1). 

(3) Certainly X„ is upper triangular, so {Xn)s,s+c = if c < 0. We show that 
{Xn)s,s+c = if c > n by induction on n. The initial case for the induction is Xi 
where this clearly holds. Assume that {Xn-i)s,s+c = if c > n — 1. As in part 
(1), we have X^ = X^-iRn and (X„)jj = {Xn-i)i,j-i{Rn)j-i,j + {Xn-i)i,j{Rn)j,j- 
Now let j > n, then 

{-Xn)s,s+j {-Xn-l)s,s+j-l{Rn)s+j-l,s+j + {-Xn—l)s,s+j{Rn)s+j,s+j 
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and this is zero because both {Xn-i)s,s+j-i and {Xn-i)s,s+j are zero by the inductive 
hypothesis. 

For the second part, by [|7l Proposition 8], 



i=0 



Hence, using Lemma [531 

n 

{Xn)s,s+c = 

n 

= D 



-r 



n 
i 

n 



(s-l)(i-c) 



-I Q 



The range of the final sum can be restricted to starting from c rather than as the 
second g-binomial coefficient is zero for i ^ c. □ 

5.2. _ft"-Theory Operations. The matrix approach provides another way of viewing 
the ring of stable degree zero operations on the p-local Adams summand. We will 
work in this final section in the p-local stable homotopy category. In a slight abuse 
of notation let i now denote the Adams summand of p-local complex connective 
i^'-theory (rather than the p-complete version). Let Uoo'^{p) be the ring of upper 
triangular matrices with entries in the p-local integers. 

Definition 5.5. We define a filtration on U^Tj^^p) by, for n G N, 

Un = {X e t/ooZ(p) : Xij = if j ^ n}. 
This gives a decreasing filtration 

where each f/„ is a two-sided ideal of Uoo'^{p)- 

This column filtration gives a filtration by two-sided ideals because the matrices 
are upper triangular (and this would not be the case if we filtered by rows). This can 
be regarded as the natural filtration on Uoo'^^p) and Uoo'^{p) is complete with respect 
to this topology. 

Theorem 5.6. The ring of degree zero stable operations of the Adams summand, 
£°(£), is isomorphic as a topological ring to the completion of the subring oftJoo'^{p) 
generated by the matrix R. 

Proof. We have the following description of ^^{^) from [8] Theorem 4.4] 

{oo 
n=0 

This is complete in the filtration topology when filtered by the ideals 

oo 
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Define a map a : — )• Uoo'^{p) as the continuous ring homomorphism determined 
by a (^9) = R. We have 

n— 1 n— 1 



i=0 i=0 



By Theorem 15.41 (1). the first n columns of X„ are trivial, so a(v?n) ^ Un- Thus 
a respects the filtration and so when applied to infinite sums a (X]^o ^n'^n) = 
Yl^=o o.nXn is well-defined (each entry in the matrix is a finite sum). 

We have Kera = {Yl^=o<^n'^n : a„ = for all n} = 0, so a is injective. Let 

S = jXl^Lo'^"-^"' • ^ ^(p)' ^ £ I^o|. It is clear that S C Im(Q;). Because a is 

continuous and f/ooZ(p) is complete it follows that the completion of S is precisely 
the image of a. □ 

Similar descriptions can be given for ku(^p)^{ku(^p)) and A;o°2)(^0(2)). 

6. Appendix: The g-BiNOMiAL Theorem 

The g-binomial coefficients, also known as Gaussian polynomials, arise in many 
diverse areas of mathematics. Perhaps the nicest way to define them is as the coef- 
ficients arising in the following version of the g-binomial theorem. If X and Y are 
variables which g-commute, that is, YX = qXY, then for n G No we have 



n 

(6.1) (X + F)" 



n 



i=0 I- " J g 

where ["] is a g-binomial coefficient. This version of the g-binomial theorem goes 
back to [fT4l . (Various other results also go under the name of g-binomial theorem.) 

The above point of view has several nice features. It makes evident the rela- 
tionship with the ordinary binomial coefficients and that the coefficients ["]^ are 
indeed integer polynomials in g. The two standard recurrences for g-binomial co- 
efficients are easily read off, by writing (X + F)" as (X + Y){X + Y)"-^^ and as 
(X + F)"-^(X + F). 

On the other hand, if one starts from the closed formula for the g-binomial coeffi- 
cients: 

TT where n, i e No, 

1 — g' ^ 

then it is easy to deduce the standard recurrences and (|6.11 l can be readily proved via 
induction and either one of them. 
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